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INTERACTION OF A FREE FLAME FRONT WITH A TURBULENCE FIELD

By Maurice Tucker

SUMMARY

Smell-perturbation spectral-analysis technigues are used to obtain
the root-mean-square flame-generated turbulence welocities and the sat-
tenuating pressure fluctuations stemming from interaction of a constant-
pressure flame front with a field of isotropic turbulence in the sbsence
of turbulence-decay processes.

The anisotropic flame-generated turbulence velocities are found to
be of about the same intensity as those of the incident isctropic turbu-
lence, the lateral turbulence velocities being always lower but the lon-
gitudinal velocity is somewhat increased for flame-temperature ratios in
excess of 7. The small-perturbation analysis indicates that the incre-
mental turbulent flame speed 1s a second-corder guantity composed of two
parts: One part represents the root-mean-square area of the turbulent
flame front; the other represents the contribution of the transverse ve-
locity fluctuations which results from the flame-front distortion. Di-
rectly at the flame frent the noise-pressure levels of the pressure
fluctuaticns are fairly intense (59 to 81 decibels referred to 0.0002
dyne/sq cm) even at moderate approach-flow turbulence intensities.

INTRODUCTION

Development of high-output jet engines has stimulated interest in
the role played by turbulence in combustion phénomena. In the earliest
studies of flame-turbulence interaction, Demkohler (ref. 1) and Shelkin
(ref. 2) utilized mixing-length theories of turbulence to obtain semi-
quantitative relations for predicting flame speeds. Damkochler intro-
duced the concept that turbulence of a scale large relative to the
flame~front thickness increases the average flame speed by increasing
the instantaneous flame surface area. The authors of reference 3 were
uneble to confirm the relations of references 1 or 2 by their experi-
mental values of turbulent flame syeed in Bunsen burners. Xxperiments
on flames stebilized in channels (ref. 4) suggested that approach-flow
turbulence had little effect on burning velocity and that the disturb-
ances affecting turbulent flame speed were primarily flame-generated.

A similar conclusion was arrived at in reference 5.
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In an attempt to obtein agreement between theory and experiment,
Kerlovitz, Denniston, and Wells (ref. 6) and Scurlock and Grover (ref.
7) have incorporated the concept of flame=generated disturbances in
their recent theories of turbulent fleme speed which utilize G. I.
Taylor's one-dimensional theory of diffusion by continuous movements.
The souwewhat arbitrary assumption is made in the analyses of both ref-
erences 6 and 7 that these flame-generated disturbances constitute ad-
ditional turbulence only. In reference 6 the energy of the flame-
generated turbulence is teken as the difference between kinetic energy
of the burned gas in the absence of turbulence and the kinetlic energy
obteined by using the average velocity of the burned ges normal to the
turbulent fleme front. 1In reference 7 the flame-generated turbulence
energy 1is obtained from a momentum balance of unburned and burned gases
before and after an assumed mixing of the burned gas.

The data obtained in reference 8 on pentane-air flames baffle-
stabilized in a rectangular duct suggest that the methods of references
& and 7 overestimate considerably the turbulence generated by flame - -
turbulence interaction. Apart from the gquestion of wvalidity of such
methods of calculating flame-generated turbulenceé, objections have been
raised (ref. 9) to calculations of flame Spéed made on the basis of a
hypothetical upstream turbulence compounded from approach-stream turbu-
lence and turbulence genersted downstream of the flame as was done in
reference 7 and implied in reference 6. -

The present anslysis 1s primarily concerned with the turbulence ve-
locities and other fluctuation quentities associlated with the linearized
interaction of a free flame (not influenc¢ed by bounding walls) with tur-
bulence present in the combustible mixture. Such turbulence will be re-
ferred to as gpproach-flow turbulence. The flame 1s treated as a dis-
continuity specified by the sppropriate fundamental (leminar) fleme
speed and flame temperature. The interaction of such a flame front with
a transverse plane wave, that is, a vorticltiy wave or shear wave, of ar-
bitrary inclinetion relative to the front is first analyzed. The ef-

fects of an entire.spectrum of transverse plane waves constituting a weak

field of turbulence are then developed fram the+ single-wave results. The
statistical or root-mean-square fluctuastion quantities describing the
pressure fields and the anisotropic flame-~generated turbulence resultiing
from interaction of the fleme front with isotropic espproach-flow turbu-
lence are obtained for the limiting case of constant-pressure combustion.
Some discussions of turbulent flame speed and of combustion noise are
also presented. ' -

FLAME - TURBULENCE INTERACTION PROCESS

Turbulent motion maey be regarded as & Fourier superposition of a
very large number of different-sized and randomly oriented component
plane-wave motions. The customary assumptions concerning the turbulence

gaqm .
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(see ref. 10) are also made in the present analysis - namely, that tur-
bulent decay effects are negligible and that the density fluctuations
assocliated with the turbulence are also small enough to be neglected.
The first assumption, which implies inviscid flow and very small turbu-
lent velocity fluctustions, permlts lineer superposition of the compo-
nent waves. With the second assumption, the continuity equation re-
quires that these Fourier waves be transverse plane waves, that is,
vorticity or shear weves. TFor each of these waves the local velocity
vector A 1is perpendicular to the vector k, normal to the wave front.
The vector k 1s termed the wave-number vector; its magnitude k 1is
termed the wave number, which is defined as 2n divided by the wave
length. All symbols are defined in sppendix A. Any one of the parallel
Planes containing both the local wvelocity vector A and the wave-number
vector k is called the "polarization plane.” -

Because of the assumed linear superposition of the component waves,
the complete interaction results can be obtained from study of the in- .
teraction of a plane flame front with & single-component transverse wave
of the turbulence field. For simplicity this typical vorticity wave
will first be taken as a two-dimensionsl wave. Generalization to the
three-dimensional case will be made later. The configuration considered
is shown in sketch (a):

¥
}
_J Combustible mixture
E'(y,t P, + D!
Burned gas (v,t) ¢ ¢
1
o Pt B
1 sb - vl‘a,c
tv' ' s,c t
5,-: u.—'> ar UT 1
T s, %p,b | Yp,c
! >
Xe
Mean position of Instanteneous flame front
flame front-——”"/—-‘l

(a)
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A flame front moves with mean velocity Uy into an inviscid combustible
mixture. This mixture is at rest, but contains a vortlcity wave with

velocity vector A (components ué c end vg ) and with wave-number

vector Xk inclined at an angle ¢ to the positive direction of the
Xo-axis., In the absence of any perturbaticn interaction, the plane
front propagates into the combustible mixture with velocity U (the
laminar flame speed). As indicated in appendix B, the motion of the
burned gas whose velocity V is constant 1s away from the flame front.
The flame front is assumed to be of infinite extent in directions trans-
verse to the direction of the x,-axis.

References 11 and 12 have shown that & weak inviscid disturbance
field may be resolved into a stationary component and a moving compo-
nent, both relative to the mean locel flow. The moving component is
an irrotetional isentropic pressure-velocity disturbance. The station-
ary component, which is convected by the mean local flow, is a constant-
pressure disturbance containing any vorticity fluctuations and entropy
fluctuations present in the disturbance field. Thus, the interaction
of the flame front with the vorticity wave would be expected to generate
both an irrotationsl disturbance with velocity ccmponents up b’ P,

and a rotational disturbance with veloclty éomponents s,b’ Vg ,b in
the burned gas, and an irrotational disturbance with velocity components
up s Vp,e in the combustible mixture. The resulting velocity fluctua-
tions, which include both the irrotational and rotational disturbances,
are designated as wug, vi and ), vy, for the combustible mixture and
the burned gas, respectively. The flame front is displaced by an amount
£'(y,t) from its mean or unperturbed position as a result of the .
interaction.

The diagrams of figure 1, which are similar to those used in refer-
ence 12, may prove helpful in visualizing the interactiom process. Sup-
pose that at some instant t; +the flame inteérsects a front of the vor-
ticity wave at point P; of figure 1(a). At a later time t; + &t, the

flame hes moved & distance UBt and now intersects the stationary vor-
ticity wave front.at point Ps. A vorticity wave with front parallel to

line QP 1s then produced in the burned ges. A cylindrical sound wave
1s genersted at point Pl at time +t,; and propagates at speed ay

into the burned gas while belng convected with velocity -V. Another
cylindricael wave 1ls generated at point Py at time t, and propagates

into the combustible mixture with speed 8o+ The cylindrical wave

fronts thus generated form envelopes (Mach Iines) in both the combusti-
ble mixture and the burned gas which constitute plane sound waves. -

For the wave-inclination angle ¢ shown in figure 1(b), en enve-
lope cennot be formed on the burned-gas side of the flame front. The

3493
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cylindrical sound waves thus expand independently and are thereby atten-
uated. On the combustible-mixture side of the front, the cylindrical
sound waves meet at the common tangent point P,. For inclination en-
gles less than the critical engle shown, sttenuating pressure waves are
also produced in the combustible mixture until another critical angle
180° - @ is reached. Below this second critical angle, plane sound

waves are agaln obtained. These critical angles may be obtalned from

the geometry of figure 1(b). For small flame Mach numbers where M= éi,
c

= -1
¢cr,c = sin M

- sin-1 [ M
®er,b = ST\ TE

As the flame Mach number M decreases, attenuating waves are produced
for a wider range of inclination angle. In the limiting case of very
slow flow (constant-pressure combustion),l only attenuating pressure
waves appear in combinetion with the vorticity waves if Q° < ¢ < 180°.
Quantities associated with the pressure wave vanish whsn @ = 0° or
180° because the incident vorticity wave themn passes through the com-
bustion front without distorting the front.

SINGLE-WAVE ANALYSIS
Two-Dimensional Formulation

The interaction process described in the preceding section is now
formulated analyticelly for the passage of a combustion front through
& single weak two-dimensionsal vorticity wave of constant density in-
clined@ to the flame front. The case of a vorticity wave in three di-
mensions is considered lsater.

The combustion front is assumed to be completely specified by its
leminer flame velocity U &and the ratio of stagnation temperatures T
in the burned gas and in the combustible mixture, respectively. In
the absence of any perturbations, the equations for comservation of
momentum, energy, and mass-flow rate, respectively, as written for a
reference frame moving with the flame front, are

lIt can be shown that the static-pressure ratio across a flame
front is given by pp/p, =1 - v(T - )M + . ..
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pU = pp(U - V)

where subscripts ¢ and b dJdesignate stations in the combustible mix-
ture and in the burned gas, respectively. For simplicity it has been
assumed that the combustion process does not entail a change in the
number of méles per unit mass of gas; also, differences in the ratio
of specific heats for the burned and unburned gas are ignored. The
quantity (T - 1) is then indicative of the increase in stagnation en-
thalpy or heat release.

For the interaction problem the resulting flame-front distortion
E'(y,t) must be considered in addition to tHe generated disturbances
previously mentioned. Thus, both the flame-front perturbation veloc-

; 1
ity .g%—-E-E% and the Instantaneous fleme-front slope ‘%5 = E&' will

sppear in the equations of motion. The conservation equations may still
be applied in a coordinate system moving instantanecusly with the dis-
torted flame front since extreme gradients occur across the front and
smaell disturbances are postulated. The various perturbation quantities
(designeted by primes) are assumed to have zéro space or time averages.
The flame speed Up (see sketch (b)) will thus include any time-

independent contributions arising from the perturbations.

l——- -E'(y,t)

3493
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Conservation of normal and tengential momentum, energy, and mess-flow
~ rate provide the following relations:

(pe + 22)(1 + &48) + (oo + 0g) [(ur +EL - ud)? s vi E + 2(Up ¢ EL - ué)vg;r]

% - oy + 2P+ B2 + (o + o) [(Bp - Wy + &L < w2 5 PR 4 2(0p - Vg 4 E - ub)viy] (2a)
o (Op + Ef - ulle} - v& = (Up - Vp + Ef - 9h)E) - vp (2b)
R
&w')L—T—_%cwcw;n%twsa-u;)h%v;z]ﬁ—lf%(was}+%<vm-vg+ze-us>2+-§vgz (2¢)
(pe + pL)(Up + Ef - ug + viky) = (py + pp)(Op - Vp + & - wy + vp¥y) (2a)
Small-perturbation techniques are used to make the interaction
problem amenable to anmlysis. Then, if the velocity perturbations are
assumed to be smell relative to the fleme speed Up and the flame-front
slope 53} is also assumed to be very small so that terms of second or-
der in the fluctuation quantities may be neglected, application of the
1 1 1
linearized state equation P? = -%— + %— d utilization of equations
> (1) permit the following boundery conditions st the flame front to be
obtained from equations (2):
K. 1 1 1 ] 1
Py Et - O Pe £¢ - ¥e
— + B} — + Bp = Bz — + By , (3a)
Py, U P, U
vl V‘
b C 1
Kl =T + Elzy (Sb)
1 t 1 1 1 1
Pb P £t - Up Pe Ep - ug
—_ - — 4+ K ———— =Ko — + KzT' + Ky —— 3c
1 - t 1 1
S?..,.D 2 ub_Et uc+_J:P_° (34)
Py 1 U u T Pe
where
_r (u-v - U - - v [P aZ v )
BJ-:I-%(U)’B=_2I%2_ UV)’B3EUUV(&—E)6+F§ DlEU[jwﬂl’—‘T‘Jr
- v fu-v _1 %2 Tg ) ? @ P
K=(r-1)=5 ,Ke=l=1—, K5= SNy - 1) =, K4 = (v - 1k (4)
el Sl AR e
e = TRT., 8f = YRSy J
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It has also been assumed that the flow upstream of the flame is isen-
tropic. It will be shown in the sectlon Turbulent Flame Speed that »
Up = U 1is correct through first-order terms.

Another relation is required at the flame front. For the two-
dimensionel case under consideration, the local instantaneous normal
propagation velocity U + 8U of the distorted flame front into the
combustible mixture at rest (see sketch (b)) is

t 1] 1

\/1 + E;z

The incremental propagation veloclty BU will be determined from exist-
ing information on laminar flames. Some support for this procedure is
glven in reference 13. As reported therein, radiant flux-intensity
mes.surements on laminar end turbulent propane-alr flames suggest that

a smell surface element of a turbulent flame is chemically snd physi-
cally the same gs that of a corresponding laminar flame.

3493

U+ 08U =

The propagatlon speed of & lamlnar flame 1s affected by both the
ambient pressure and the amhlent temperature. Although the functional ,
relations have not been rigorously determined, preliminary indications
are that the pressure effect 1s much smaller than the temperature ef-
fect. In the present analysis the local fleme propagation speed is
assumed to depend only upon the temperature of the combustible mixture,

that is,

=W g o (S N
o = gp= aT; = (ch)TC

With the empiricel relation obtained in reference 14 as a guide, it is
assumed that U =r, + rzTg where r,, r,, and n are constants which

depend upon the fuel and oxldent under comsideration. Thus,

T' Pl Pl
_ nf-c) _ T - lynfFfel o C
8U = nrzTc(-,I-,:) = nl'z( T )Tc(-l-)-;) = UA -I:

and
I 1

P .
U(1+A FE) 1+g§2=UT+5,'G-ué+v;,£;,
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Correct through first-order terms wherein Up = U, the following bound-
ary condition 1s obtained at the flame front:

EL - u} D
t c c

—— = [ — 3e

U Pe (3e)

In a coordinate system fixed 1ln space, the equations of motion for
the two-dimensional fluctuation quantities in the burned gas with terms
of second order neglected, are

Sup L3 _ 1 %
St TV, T T b o,
> av

1
X Vs, ®my
ap"”gﬁ’-*%(iﬁ 28)- o

i ary, dup vy
3—— + ppcyV =, + Py dxc dy =0

For a coordinate system moving with constant velocity V, the preceding
equations reduce to the same form as the corresponding equations for the
fluctuation quentities in the combustible mixture relative to a coordi-
nate system fixed in space. Thus, the flow equations for both the
cambustible-mixture fluctuations and the burned-gas fluctuations may be
written, with appropriate subscripts ¢ or b, as

ou' 1 dp!' ]
9t T T p3x
ov! 1 dp!
St T T 53y
¢} (5)
ap 1 ov!?
S
5 5)
o St = - B(Sh + S
-
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The coordinate systems x,, y and x, ¥y for the first-order analysis
are indicated in sketch (c).

t=0
¥ t=t
yT I
Combustible mixture
l Instantaneous flame front
—1
v

A two-dimensional vortilcity wave in the combustible mixture with
veloclty vector of megnitude A and having its wave-number vector k
inclined at an esngle ¢ to the positive direction of the x,-axis may

be written in the form

t
u
8,c

U

T
v -
= (A sin @)elY, i}c = (-~ A cos @)elV

where v = kX, + kpy, and kq and k; eare components of the wave-
number vector Xk 1n the X~ and the y-directions, respectively, with
ké/ki = ten ®. As & result of the linear boundary conditions of equa-

tions (3), obtaining a unique solution of the interaction problem re-
quires that the argumente of all dlsturbance waves match at the flame

€1
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front. Thls matching requirement together with provision for differ-
ences in phase angle yields the following form for the vorticlty wave
present in the burned gas:

t

H
Us b . iv 's,b 3
—=2 = (o + le)elw, —4= = (13 + iIp)e ¥

where

_ U 1 '
¥= -7 B% t Y

Pressure fluctuations genersated by the intersction must satisfy the
following wave equation, with sppropriate subscripts ¢ or b, which is
obtainsble from equations (5):

ng' 3%p1 322' ~
32 az(ax?- %) T° - (€)

The present analysis will be concerned with the limiting case of very
slow flow (constant-pressure combustion}. It is clear from the rela-
tions given for the critical wave-inclinstion angles °cr,c and wcr,b
that, for very slow flows, only the irrotational isentropic pressure
waves described in the section FLAME - TURBULENCE INTERACTION PROCESS
will be generated by the interaction. The form of these pressure waves
that satisfies equation (6) has already been established in reference 12
in terms of the variables 7 anmd {, where

(£6) (%, - Ut)

N

Te

e Ebhox, + ey + Ud t

Y

(7)
n, = () [- =, + (U - V)]

gbzbbxb.'-cby'i-Ud'bt J

The variasble 1 1s proportional to the distance from the flame front.
At the front, %, = My = 0; upstream of the flame, 7, 1s positive; and

downstream of the fleme, Ty is positive. The equation ¢ = constant
defines planes moving with constant velocity (Ud)c,b at an angle
tan?l(c/b)c,b to the flame velocity U. Equation (6) takes the form
of Iaplace's equation
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o - @) - <[ - & - @
B%-o iy
Matching arguments of the pressure snd vorticity waves at the combustion

front where 17 = O and satisfying the requirements of equations (8)
provide the following values for the constants of equation (7):

(8)

_k'(§~:_2)‘23 ‘\
142 1 8) 2 ¥
= =k, b = _f.‘-'l_'_D:I__ by = ab d. = kl
¢ = % = %22 Pe T~ 7Tz’ % T L (9 V)Z.HE’ ¢ 1-m
- U 2
® >
2 2 2 u2
K b2 + o8 - a2M % * % - % 7
4 = 1 fZ - c c fz - ab
b U - vy v 1-M P U - v\ U8
-7 "] 1 -\"7 3
& 8y J
(9)

In addition to the boundary condition from equatione (3), the pressure
t
fluctuations will be required to satlsfy the boundary condition '%T =0

at n =w. Utllizing equations (36) and (37) of reference 12 yields

P -

Ef = (R + 1Rz)ei§° e (10a)
P, T

= (3 23g)e ¥ (200)

In the combustible mixture, density fluctuations are associated only
with the pressure fluctuations according to the isentropic relation
1 1 .
Pe 1 Pe
N ?-5—- In the burned gms, density fluctustions may also be caused
e e
by entropy fluctuations generated by flame distortlon and heat-release
fluctuations, if present, as well as by pressure fluctuastions. Velocity

%403
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fluctuations are associated with both pressure fluctuations and vortie-
ity fluctuations. It 1s convenient to deal with the pressure coeffi-
1

clent PuZ' Thus, the disturbances arising from the intersction of
Pe
the flame front and incident vorticity wave teke the following forms:

PC
pcUE

) _% (Ry + iRz)eigc—nc = (R(l) + iR(z)) eiﬁc-ﬂc -(10")

S _Eb—z' (37 + iJg)eicb-nb = (J(l) + iJ(z)) oM (104)

chZ Pc
l s
Do d gy + 13p)e 0 4 (1 4 a1p)ety (10)
b
1
1f. -
_1;2 = (N + 1Np)e o (G + 1Gp)el? (10f)
v, 1t
T? = (Py + 1Pp)e P L (17 + 1Ip)elV (10g)
1
u i -
T? = (W + 1iWp)e CeMe + (4 sin g)elV (10n)
v, 1t
, 7§.= (X; + iXple °¢ e _ (& cos o@)el? (101)

The flame displecement velocity may be written

gt
t
—U?' = (Hl + in)e

i(k, Ut+kly)
1777277 = (g + 1Hy)el (103)

To satisfy the requirements that the arguments of all disturbence guan-
i % X%k
tities match at the fleme front and that 3535 = Syot? the flame-front

slope must take the form

£y = (Hy + 1Hp)(ten ¢)eld (10k)
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Integration of equation (10j) with respect to time t gives the flame
displacement as

1 . t
E! =—ET'(H2 = iHl)eiG = aE:P (Hp - iﬂl)eic (101)
1 2 .

Extension to Three-Dimensional Disturbances

Equations (10) describe the interaction of a flame front with a
constant-density vortlcity wave having velocity components

ul ve
—22% = (4 sin @)ely and —22% = (- A cos )el¥

in the x,~ end y-directions, respectively. The vorticity wave may be
1

W .
considered to have a third velocity component —%%3 = CeY in the z-

direction. 1In the preceding linearized analysis, the amplitude C was
not prescribed. This component, which is normal to both the u' and
v! components and parallel to the plane of the flame front, then is
assoclated with a corresponding component of the vorticity wave in the

burned gas —7§E = celV,

Inaemuch as turbulence fields asre three-dimensional, the interac-
tlon equations must be revised accordingly for spplication to the spec-
tral analysis which follows. Assume, as shown in sketch (d), that the
polarization plene which will contain the wave-number vector kv is in-
clined at some angle 6 to the Xj o, X3 .-plane of a new coordinate
system X1,er xz,c, X3 ¢ fixed in space for the combustible mixture.

xz,c

NS AN

> Xor X1 0

(a)

3493



ceve

NACA TR 3407 15

The corresponding coordinate system X1,bs *2,bs *3,b for the burned
ges 1s assumed to be moving with mean-flow velocity V. Components
ky, kp, and k3 of the wave-number vector X in the directions of

X1,e2 X2,c2 and X3 ¢7 respectlively, are
ky =k cos @

ko = k sin ¢ cos 6 (11)

kz = k sin ¢ sin 6

With primed perturbation vector quentities referring to the original co-
ordinates X,, Xy, ¥, % and unprimed perturbation vector quantities re-

ferring to the X1,er X2,00 ¥3,c and X1,b> X¥2,b2 *3,b coordinate sys-
tems, the following transformation relations apply:

Ul,e =W U = Y% )
up o = vy cos 6 - W, sin 6 up p = vy, cos 6 - wy sin @
uz o = vy 8in @ + wy cos 6 uz p = vy, 8in 6 + wy cos 6
E =t _ > (12)
E, = Ef
zxz’c = g} cos 6
ExS,c = 5;.81n e -)

This notation refers omly to eguation (12).

With the use of equations (10) and (12), the interaction fluctua-
tion quantities (again designated by primes) referred to the coordinate
axes X) o5 X2 s X3 ¢ and X1 ,bs ¥2,ps ¥3,p UAY be written as
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\

Pe_ _(31) 4 15(2))etbee ,

P U?

iEZ = (J(l) + iJ(z))ei;b-nb

;% =,% (Ry + 1Rz)ei§°’n° g
;é =2 (3 + iJZ)eigb-le.r(_Ll + iLy)el¥
u;;c = (W + :'LW’Z)eicC'Tlc + (A sin @)elv
u%;c = (X + 1Xp)(cos G)eicc_nc - (A cos ® cos 6 + C sin 8)elY
> .
u%;c = (X3 + 1Xp)(sin e)eigc-nc - (A cos @ s5in 8 - C cos 8)elY
E%§P-= (N, + 1N2)eicb'"b + (G + 1Gp)elV
E%%E = (Py + 1P;)(cos e)eigb'nb + [kIl + 1I,)cos 6 - C sin e]ei*
Eé%3-= (P; + 1P,)(sin 6)e 07 le + iIp)sin 0 + C cos e]ei*

2 io
o = (B + iBy)e

CAM
"
[}

(Fy + 1H2)(tan @ cos 9)ell

! (B; + iHy)(tan ¢ sin 6)eld
_ (Hp - iH;)el?
- 1

ky y

(13)

El
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The fluctuetion smplitude coefficients of equations (10) or (13)
may be determined from equetions (3) and (5). Detalls of the solution
are given in gsppendixes B and C. The general solution for the attenu-
ating pressure-wave regime is indiceted in appendix B. Inasmuch as the

flame Mach number M = éL 'ts generally much less than 0.0l, the limit-
c
ing case of very slow flow (constant-pressure cambustion) provides =

reasonable simplification of the problem and only the attenuating-wave
sclution need be considered. The amplitude coefficients for this lim-
iting case are given in appendix C (egs. (C8)). N

Equations (13) and (C8) describe the linearized intersction of a
constant-pressure flame front wlth a single vortlcity weve or shear
wave having 1ts wave-number vector k iInclined at an angle @ +to the
direction of travel of the undisturbed fleme front and having its plane
of polarizastion inclined at an angle 6 to the X1,c7 xz’c-plane of

the coordinate axes X1,c7 ¥2,c2 X3 o The wave-number vector of the

shear wave generated in the burned gas makes an angle

®p = tan-1(T tan @) with the direction of propagation of the undisturbed
flame front. Attenuating potential fields are generated in both the
combustible mixture and the burned gas. FPhysical quantities associated
with these fielde attenuate exponentislly with increasing distance fram
the flame front. The amplitude coefficients for a given heat release

(2 prescribed T), & given inclination angle @ and polerization angle
& depend upon both the intensity of the incident vorticity wave and the
hest-release perturbation parameter <T'/t. In the absence of such heat-
release perturbations, there are no density fluctuations in the burned
gas (correct to order MZ2).

These single-wave results mey be used to determine the interaction
of s constant-pressure combustion front with a turbulence field of con-
stant density for the case of negligible turbulence decsy. The turbu-
lence field will contain en infinite number of transverse plane waves
with all wave lengths and planes of polarization. The spectral anaslysis
technique used in obtaining such a superposition of waves will be dis-
cussed briefly before proceeding with the interaction problem.

SPECTRAL ANAILYSIS
General Considerations
A turbulence field satisfying the incompressible-flow continulty

equation may be represented. by the following superposition of plane
transverse waves:
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ulx, t) _f[ %47k, t)

where x 1s a position vector, k 1is a wave-number vector, t 1is the
time, and dz(k,t) is the random amplitude vector of a component wave;
and the subscript 1 tekes on the values 1, 2, and 3. The quantity
az(k, t)elk*X represents the contribution to the velocity field from a
volume element dk in wave-number space. When, as in the present case,
the equations of motion are linear there 1s no modulation or interfer-
ence between component waves, and the various statistical quantities
describing a random field may be obtalned from the results of a single-
wave analysis. To avold the interpretative difficulties assoclated with
the random varisble Z(k t), which is nondifferentieble with respect to
k, use is made of the techniques of references 10 and 15 which utilize
‘correlation spectra rather than amplitude spectra in the analysis of
homogeneous turbulence.

. A velocity correletion is deflned as the ensemble average
ui(x,t)uj(x' t) of the product of a fluctuation-velocity component uy
at x eand a component uy at x' =x+r where r 1s a separation
vector. The ensemble average, designated by a bar, may be regarded as
the result of averaging the product ul(x,t)u (x,%) at a given instant
over a very large number of statistically similar fields. The nine ve-
locity correlations uiu constitute the velocity correlation tensor
T (x x',t). For a homogeneous field, Ty; depends only on r, so that

the tensor may be written Tij(r, ).

As shown in references 10 and 15, the velocity correlation tensor
has the following Fourler integral expansion:

7y 5(z,t) = ff?f’ L tar,, (k,t) = fff 1&g, (x,0)ax

where Fy, (k,t) is the spectral temsor function, 2% (k,t) is the spec-
tral tensor density of a homogeneous turbulence field and

(34)

8, (k,8)dk = GZFCE, T)aZ; (K, ©) (15)

where 4dz%(k,t) denotes the complex conjugate of dZ;(k,t). For r =0
and i = j, equation (14) may be written

3493
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T35(0,%) = u—f =ff az; (k, )42y () (18)

For homogeneous turbulence fields, whereln ensemble aversges and space
averages are identical, equations (15) end (16) provide the basis for
obtaining the spatial mean-square velocity components from the single-
wave results given by equations (13) and (C8). Equetions (15) and (16)
are also appliceble to scalar fields. In the absence of viscosity, as
postulated, the shear-velocity flelds present in the combustible mixture
and in the burned ges are homogeneous and application of equation (16)
presents no camplications. The corresponding potentlal-flow fields,
although spatially inhomogeneous, sre homogenecus in the given
Xp,xz-planes. It has been shown in reference 16 that equation (16},

in effect, msy be applied for such flelds to obtain the mean-square
fluctuations pertaining to a given plane of homogeneity.

As & result of the preceding dlscussion, the single-wave interac-
tion results for constant-pressure combustion will be used to obtain
the spectral densities of the fluctuation quantities at the flame front

where the attenuation factors e Nle and e T are unity and
e =8y =0 =¥ =v. For conciseness define RA sin @ = r(1) + ir(2),

WA sin ¢ = Wj + iWp, GA sin @ = G + iGp, NA sin @ = Ny + iNp,
HA sin ¢ = Hy + 1Hp, and ClA sin ¢ =C. With the notation

l: sC JT l,C l,

e REaps

as in equation (18), the following equations are obtained by analogy
with equations (13) and (C8) for the case where heat-release pertur-
bations are absent, that is, %' = O:

end, for example,
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1

1
P P
o) = af—Z5) =raz )
ch ch !

U,
-5 = Wazy o+ a% ¢

u,
d(iﬁ) = - 1W cos 6 4% . - (cot @ cos 6 + ¢tsin 0)dzy .

- iW sin 6 4%y . - (cot ¢ sin 6 - cleos G)le,c

o

Pl

ofef

~l.
it

b
d('jl;——) =N dZy o+ GdZ ¢

2,b . cot @ cos 6 1 , >
d(i_L iN cos 6 42 , - (———?——-—- G + Clsin e)dzl’c (17)

U
ug
b . . cot @ sin 8 1
d(—ﬁi—) = iN sin 6 dZy - (——-—1——— G - Ctcos e)azl’c
il iH
1 = - = o e———
a(gr) = i_lrdzl:c kcos@dz.l’c

d.(-%:—t‘) =H d.Zl,c
1 =
d(EXz,c) = H ten @ cos 6 dZ ,
t
d(EXS,c)

In the velocity ratios of equations (17), the first term on the right
Ui,p,c or Ui,p,b

H tan ¢ sin @ le,c ‘J

side represents the potential-flow contributions G T
ui
the second term represents the shear-flow contributions ——%?LS or

a :
—E%?LE. The subscript 1 takes on the values 1, 2, and 3.
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At a glven instant the spatial mean-square potential- and

flow contributions of.the disturbance fields are obtained from

equations (17):

2o )

(2’ (—m) o [ () o - v

e -G - ) - [ o

The mean-square fleme front quantities are

——2- -
&) - S o
52 fﬂké§o§)¢ I’ c®1,c
Eﬁz, +£2 % ‘-[:/‘f(E*H) tandp dzl,cdzl,c

21

shear-

> (18)
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From equations (C8) of appendix C, with .t' = O:

\
" (t - 1)2(x tanp - 1)2
R¥*R = ~ 51n2¢ —
_ (v - 1)3(x tanZp - 1)2
WEW = =
2 2 2 2
axe = Xosec gEﬁ - 4t{%® -~ 1l)tan é] > (19)

A(L + T2tanp)

- (7t - 1)2(x tanfe - 1)2seciy
A(1 + t°tan®o)

4125ec2¢
B¥E = — R y

N*N

Mesn-Square Fluctuatione for Initiel Isotropic Turbulence

For e glven combustion process (vt and U prescribed), the spatial
mean-square fluctuastions of equations {18) depend upon the quantity

—
le,chl,c’ which is specified by the type of turbulence present in the

combustible mixture. The results obtained in reference 16 for the in-
teraction of axisymmetric turbulence with & shock wave suggest that for
the present problem the degree of anisotropy of the incident turbulence
field mey not be critical. For simplicity, the turbulence in the com-
bustible mixture is assumed isotropic.

As indicated in reference 10, the spectral density tensors for any
isotropic turbulence fleld satisfying the incompressible-flow continuity
equation are

2
#;5(k) =(&) (K784 - kiky) (20)
where k% = %% + k% + k%; 8, =1 for 1 =j; end 5,, =0 for 14 J;
17 2 T REh Oy 3 13 3

and Q(k) is the scalar emplitude function defining the spectral density
tensor. From equations (15), (20), and (11),

azZy A7), = 2(k)xZsinPe dx
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or, transforming to sphericel polar coordinates k, 6, 9, wherein
dk = dk,dk,dk, = kZsin ¢ dk d6 de, yields

172773
Y, 82 = 2(k)x* 6 3p a j
47 |02y, = #{k)k%dk d6 sin°¢ do
az; 4z, . = @(k)kdk 46 sin @ [cos20 + sine sinfelde
_ \ (21)
dZ; 2z = Q(kx)x*ax a¢ sin (p[coszqa + sin2q> cosze]dq;
’ ]

x * _ 4 . 2
az, AZ, . +dZ; Az, = Qk)k*ak a0 sin @1 + cos?elde/

The mean-square velocity components of the incident lsotropic turbulence
field are then given by

5 21 bid o 1

u

( l’s’c) = f 8 (x)k*dx f de .f sin%p dp = ZF f 2 (k)kax
U 0 0 0 50

2 ] P gn T
u u
( 2[? c) + ( 3[?’0) f 2(k)xtax f ae f sin ¢(1 + coso)de
6]

0 0

[ J
1_?1_ f @ (x)x%dx
0

J

(22)
The remsining spatlal mean-square fluctuation quantities, referred
to the intensities of equations (22) in order that the scale need not
be specified, are given by
2

(&) :
DCUZ é(’t-l)zf sin @

( : )
2
p U
: - - 2 (T tane - 1)%d9

2 2 0 .
(ul!szc) (ul,s,c) (23a)
U U
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2 2 2
Yi,p c) (u2 ,c) (uS P c)
=P, C —LsPsc _2uP,C
( g g - g =-2 tt - 1)2 P—j-‘-z-si fr tan2p ~ 1)2de

2 2 0
(ulzs!c) (ul,s,c) (23b)
U i)
2
1,s,b _
( ] ) _ 318 [A - 2t(x® - 1)tenle@lsin o tan®e a0 (25¢)
s 4 A(L + v2tanZe)
(ul:s!c) o
U
u 2 U.3 b 2 ' 1
2 szb 8,
( ,U ) +( ’U ) 3 2 [A+ 4T seczm]sin3(p a
=1-g(@-1 A1 + v2tenZg)
u a u 2 0
(""‘Lzus c) * (““_31;5 ’c) (23d)
2 2 2 3 :
U1,p,b uz,p,b Uz 5,b
( U ) =( ,GD,) +< U, ) - %1’2(1.' - l)z f (‘V ta.nzw[— l)zsmza tanzw ap (23&)
—_— —z AlL + ©8ten
2
W .s,c 1,8,c 0
() (Bp)
(%) :
= 2
T/ _ w2 J" sin o teale (25%)
2
(El_ﬁzﬁ) 0
3]
2 2 b
+ &
Exz,c X3,8 _ 242 f ta,n_4q;Asin ® 30 (23g)
0
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L ]
Eﬁa- Q(k)kzd.k i s
= 32 f Ein°Q ap {23h)
o L
T 0 '

The subscript 1 designates a longitudinal component; subscripts 2
eand 3 designate the latersl components. OFf the remaining subscripts,
5 denotes g shear-flow component; p denotes a potential-flow compo-
nent; ¢ refers to the combustible mixture; and b refers to the burned
ges. Eguations {23s) to (23g) have been integrated mumerically using
Simpson's rule with the following increments for ¢: 2° intervals from
0° to 20°, 5° intervals from 20° to 70°, 2° intervels from 70° to 90°,
end so forth. Numericel results are listed in tsble I.

DISCUSSION OF RESULTS

Mean-square fluctuation quantities genersted by the linearized in-
terasction of a& constant-pressure combustion front with a weak isotropic
turbulence field satisfying the continuity equation for incompressible
flow are given by equetions (23) in terms of the incldent-turbulence-
velocity components. Equations (23a), (23b), and (23e) apply only at
the flame front where the attenuastion factors are unity. This restric~
tion does not apply to equations (23c) and (23d) in the assumed absence
of turbulent decey processes,

Velocity Fluctuations

Potential-flow fluctuations. - The root-mean~square velacities
essoclated with the sttenuating pressure fields generated in the com-
bustible mixture (eq. (23b)) and in the burned gas (eq. {23e)) are
plotted in figure 2. Since these ratios apply only at the flame front
where the exponential attenustion factors are unity, they represent
maximum velues. As 1s to be expected from the boundary-condition re-
quirement of equal pressure fluctuations with differing densities on
each side of” the flame front, potentisl-flow velocity components in
the burned gas exceed those in the combustible mixture. Both ratios
increase with increasing flame-temperature ratio, reaching asymptotic

values of &/ 372 in the burned gas and unity in the combustible mixture.
Hot-wire instrumentation will respond to these fluctustion velocities

as well as to the shear-flow fluctustion velocities. In view of their
exponential sttenuation cheracteristics, however, such contributions
would not be of importance unless measurements were made at stations
very close to the flame, that is, within a distance of the order of
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incldent-turbulence scale. For the low flame Mach numbers encountered
in combustion, the contribution to the hot-wire signel voltage of the
unattenuated sound waves described in the section FLAME ~ TURBULENCE
INTERACTION PROCESS should be quite smell.

Flame-generated turbulence. - The shear flow in the burned gas
(eqs. (23c) and (23d)) constitutes the flame-generasted turbulence oc-
cagioned by the presence of approach-flow turbulence. These velocities,
referred to the incident turbulence velocities, are also plotted in fig-
ure 2. A slight smplification of the longitudinel component occurs for
values of <« in excess of 7. In the 1limit, as T becomes very large
the longitudinel and leteral veloclty ratlos approach asymptotic values

of 4/3/2 and % 3, respectively.

The diagrams of figure 1 indicete that a pressure weve interacting
with the flame front can also bring sbout a shear flow in the burned
ges. Although the reflectlion and the consequent impingement of the
pressure fields described by equation (23a) upon the flame front are ...
poseible, any additions to the flame-generated turbulence level through
the reflection process would probably be negligible because of the at-
tenuating nature of the pressure field. Thus, contrary to the predic-
tions of references 6 and 7 that the flame-generated turbulence inten-
slty should be many times greaster than the intensity of the incident
field, the present enalysis indicates that the two intensities are
sbout equal.

It 1s interesting to note that a stream contraction (ref. 17) in-
creases the downstream velocity of the mean flow (as does the flame
front also), while exercising a different selective effect upon an in-
cident isotropic turbulence field. For example, with a sevenfold in-
crease in the downstream velocity of the mean flow, the longitudinal
velocity ratio (in the absence of decay effects) is 1.0l for the flame
front and 0.3l for the comtraction. The corresponding lateral velocity
ratios are 0.87 and 2.29, respectively.

Turbulent Flame Speed

The higher mass-flow burning rate of a turbulent flame as compared
with that of the corresponding lemliner flsme is generally described in
terms of a turbulent flame speed Up. Theé fleme-speed ratio UT/U is
generally assumed to be equivalent to the ratio of turbulent-to-laminar
flame surface area.

Calculastion of the turbulent fileme speed requires consideration of
second~order terms. The locael instantaneous normal propagation velocity
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U + 38U of the distorted fleme front into the combustible mixture at
rest is

U + ! - t + T u! + 1 ul
s 80 p+ & - Uy ¢ €xz,c 2,c Exs,c 3,c (24)
1/1 + )2 g2
EX?,C EXS,C
Let Up=U+ U + Uca + . . . vWwhere U represents a steady-state

contribution to the fleme speed of order . The perturbation quanti-
ties, for example, are written as

g' E&? +-€S? + ..

ui,c = d%%c + dg?c + e . .
®

The superscript on a fluctuation quantity gt indicates the order of
the perturbation. As before, 5U/U 1is taken as

1l
Gﬁ nrzTn T; (r - l)nrz 2 pé _ .pé
—_— = — = T M =
U U iy c 2 2
c 1,YRg ch pCU

Substitution of this expression into equation (24) and performing the
indicated expansions yield the following relation, which is correct
through second-order terms:

D _f%)_Jr;(@Z @2)

rN—=s] +|T 3 +&
Pe g ch'2 2 x2,c x3,c
L . ~—— J

first- second-order

order terms

terms

D L 2. 2
(. + ——— - ——Jié)-+ (. + L 22 C g + ——-LE-E Q
U U U U U %3¢ U *X3.¢
A\ v
N
first- sec0nd-order terms
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Averaging this equation yields

- =°

2 o BT\ D 9
2. 24T ) Be g

2
p U R 3, 2,c

For the limliting cese of constant-pressure combustion, T = O. Thus, the
retlo of turbulent-to-laminer flame speeds can be written for this case
es

U a2 2 di) uga

T 1 CD CD 2,¢ CD 3,c CD
L R +& - =2 4 —2 (25)
Y 2 xZ,c x5,c U Exz,c U Exs,c

The first two terms on the right side of equation (25) represent
the ratio of aversged turbulent-to-leminar fleme surface ares. The
third term is & correlation coefficient representing the transverse-
velocity-fluctuation contribution to the turbulent fleme speed caused
by flame-front distortion. It is interesting to note that only the
transverse velocity fluctuations appear explicitly. The second term
has aliready been determined (eq. (23g)). The third term may be ob-
tained from equations (C8) as

5 o) N

u

- —%ﬁ%’c - '—%ﬁE@ __3_;:_ f {Ec(': - 1)tenfo + (v2 + 1)tan%p + (v + 1)} -B—igi’- + 1%(1@ (28)
o)

X3,

The imaginary term has not been written out inesmuch as 1t does not con-
tribute to the integral. The results of the indicated integrations are
listed in teble I.

Equation (25) for the flame-speed ratio Up/U may elso be written
in the form

2
UT ul B,C

T =1+8 : (27)

where the flame-speed parameter 8 1s obtained from the values listed

in table I for equations (23g) and (26). The variation of this param-

eter with the flame-temperature ratic <« shown in figure 3 suggests,

on the assumption that the fleme-front slopes Exé and. Exs gov-
c sC

2
ern contributions to the right side of equation (25), that the flame
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front with the higher heat releasse is distorted less by a given inten-
sity of turbulence. For the degenerate case T = 1 (no heat release),
the parasmeter S becomes infinite.- a condition compatible with this

viewpoint.

The present analysis requires thaet the flame-front slopes, as well
as the other perturbation quantities, be small. The preceding discus-
sion suggests that the incremental flame-speed ratio (UT - U)/U may be
of second crder as a result of this restriction to small flame-front
slopes.

Combustion Noise

The root-mean-square pressure-fluctustion coefficient 1/9&2 chz,

which applies directly at the flame front, is plotted in figure 4 for
the limiting case of constant-pressure combustion. The pressure fluc-
tuations are a measure of the random nolse generated by the interaction
of the fleme front with the incldent turbulence. In acoustical measure-
ments the noise level in decibels is usually given with respect to &
reference pressure of 0.0002 dyne per square centimeter (ref. 18), which
corresponds approximately to the pressure amplitude of a plane sound
wave of minimum audible intensity at s frequency of 1000 c¢ps. The noise
pressure level in decibels is defined by the relation

2
PI
nolse pressure level = 20 10310'6‘56%5 = 74 + 20 logjg 1/P;z
(28)

where the pressure fluctuations in the cambustible mixture are given in
dynes per square centimeter.

Equations (23a) and (28) indicate that the noise level should be
perticulerly dependent upon flame speed. Propane-alr and acetylene-
alr combustion, which are characterized by a low flame speed and a
fairly high flame speed, respectively, will be considered for 1llius-
trative purposes, Pertinent date for these flames at meximm-flame-
speed and stoichiometric conditions for an ambient temperature of 25° ¢
and a pressure of 760 millimeters of mercury are given in table IT. The
adigbatic equilibrium flame temperatures, at which the total enthalpy of
the fuel and oxidant equals the total enthalpy of the products of reac-
tion, were celculated using the procedure of reference 19. (Total en-
thalpy includes the chemical contributions to the internal energy.)
Flame-speed data were obtained from references 20 and Z1.
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If the flame-front turbulence intensity ‘V ui,s,c/él is assumed
equel to 10 percent, noise pressure levels of 59 and 81 decibels are

obtained for propene-sir flesmes and acetylene-air flames, respectively,
under conditions for meximum laminsr fleame speed. At an approach-flow
velocity of 1225 céntimeters per second, which 1s in the range of wve-
locities ususlly encountered in caombustion experiments, the correspond~
ing intensity of the approach~-flow turbulence would be about 0.3 percent
for the propane-air mixture and sbout 1 percent for the acetylene-alr
mixture.

Thus, the pressure fluctuations genersted at the flame front when
the incident turbulence is of low intensity, slthough smell as compared
with amblent pressure, are apparently of fairly high acoustical inten-
slty for constant-pressure combustion. Because of the exponential at-
tenuation of these pressure flelds, the "far-field" acoustilc intensity
(the intensity at distences very far from the flame front) spproaches
zero. For cases other than constant-pressure combustion, a finite
"far-field" intensity is obtained.

CONCLUDING REMARKS

The present linearized anslysls has treated the interaction of a
field of isotropic turbulence with a free flame front under constant-
pressure combustlion conditions with no turbulence decay processes or
hegt-release fluctuetions. The lnteraction produces an anisotropic
turbulence field in the burned gas which has axisymmetry about the
main-stream direction. Contrary to the results predicted by several
current theories of turbulent flame speed, the flame-generated turbu-
lence velocities ceaused by spproech-~-flow turbulence do not differ
greatly from the turbulence velocities of the incildent field.

The incremental fleme-speed ratio (Up - U)/U as obtained from the
present analysis 1s a second-order quantity consisting of two parts:
One part represents the root-mean-square ares of the turbulent flame
front; the other represents the contribution of the transverse veloe-
ity fluctuations which result from the flame-front distortion. The
fleme-speed ratic Up/U for a given level of incident-turbulence in-

tensity A ’u_-zL,s,c / U is found to decrease with increasing heat-release
rates (increasing values of =).
Rendom pressure fluctugtions generated in both the combustible mix-

ture and the burned gas, although small compared with ambient pressure,
glve rise to apprecisble noise levels (59 to 81 decibels) directly et
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the flame front even for very moderate intensities of approach-flow tur-
bulence (fleme-front turbulence intensities of 10 percent). For the
limiting case of constant-pressure combusticn, the pressure waves at-
tenuate exponentially with distance from the flame front, so that the
"far-field" intensity approaches zero.

Lewis Flight Propulsion Leboratory
Nationel Advisory Committee for Aeronautics
Cleveland, Ohio, January 25, 1955
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APPENDIX A

SYMBOLS

The following symbols are used in this report:

Hy,Hz

by bz - -« Byg

magnltude of two-dimensional vortlcity-wave velocity
vector in combustible mixture

two-dimensionel vorticity~wave velocity vector in com-
bustible mixture

speed of sound
coefficlents defined in eqs. (4)
constant defined in eqs. (7) and (9)

amplitude of cambustible mixture shear-wave component
perellel to xs,c-axis

constant defined in egs. (7) amd (9)
specific heat at constant pressure
specific heat at constant volume
U/(U - V), egs. (4)

constant defined in eqgs. (7) and (9)
-V/U, egs. (4)

spectral tensor function

constant defined in eqs. (7) and (9)
(G; + 1G3)/A sin g

amplitude coefficients of shear-wave longitudinal com-
ponent in burned gas ’

(B, + iH,)/A sin @
amplitude coefficlents of flasme-front displacement

groupings defined in eqgs. (B16)
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11,1z

Ji,d3
J(l),J(Z)

Kq,Kp,K3,K,

k

k

33

amplitude coefficients of shear-wave transverse com-
ponent in burned gas

amplitude coefficients of pressure wave in burned gas

4 p
b b
()= 7 1 5(2) = 7 Jzr ea- (108)

pc c

coefficients defined in egs. (4)
magnitude of wave-number vector k

weve-number vector of shear wave in combustible mix-

ture with components ki, ké in xc,y-coordinate

system, with camponents ky, kp, kz in X1,e2
X2,¢7 xs,c-coordinate system

emplitude coefficients of density associated with
"shear entropy wave in burned gas

flame-front Mach number, M = U/a,
al/yU%, eq. (B18)
(Ny + iNp)/A sin @

amplitude coefficients of longlitudinal veloclty com-
ponent associated with pressure wave in burned gas

exponent used in representation of laminer flame speed
a8 function of combustible-mixture static temperature

amplitude coefflcients of lateral veloclity component
associated with pressure wave in burned gas

statle pressure

static~-pressure perturbation

term not contributing to the integral in eq. (26)
(1) + r(2) /A s1n o

gas constent

amplitude coefficlents of pressure wave in combustible
mixture
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r(1),r(2) R(1) = By /42, R(B) = Ry/yM2, eq. (10c)

r separation vector

ry,Tp constants used lun representation of laminar flame
speed as function of combustible-mixture static
temperature .

s flame-speed parsmeter, eq. (27)

T statlc temperature

Tij(EJt) velocity correlation tensor for homogeneocus turbulence

TS : stagnation temperature

L time

U leminar or fundamentel flame speed

U mean turbulent flame speed

uf longitudinal component of velocity perturbation

velocity perturbation components in combustible mix-
ture parellel to X1,cr X2,07 X3¢ coordlnate axes,

respectively

ul,c’uz,c’uS,c

Uy polUs poU3 p veloclty perturbation components in burned gas parallel
? g ? to X ps Xp ps X3, coordinate axes, respectively

\i mean velocity of burned gas

VT mean veloclty of burned gas 1n turbulent combustion

v! lateral component of velgcity'perturbation

W (Wy + iWp)/A sin ¢

Wy,¥Wo amplitude coefficients of longitudinal velocity com-
ponent assoclated with pressure wave in combustible
nixture

w' lateral camponent of velocity perturbation (component
parallel to plane of unperturbed flame front and
normal to u' and v' components)

Xl,Xz gmplitude coefficlents of lateral veloclity component

associated with pressure wave in combustible mixfture
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Xp

1,0

X2,p

X3,b

X1,c

81,85 .« -

. Bg

35

coordinate in X,y-system measured in direction of
unperturbed flame-front travel relative to which
burned ges is at rest

coordinate in x,,y-system measured in direction of

unperturbed flame-front travel relative to which
combustible mixture is at rest

coordinate in xl’b,xz,b,xs,b-system measured in dil-

rection of unperturbed flame-front travel relative
to which burned gas is at rest

coordinate orthogonal to xl,b and X3.b and making
angle 6 with y-coordinate

coordinate orthogonal to xl,b and xz,b

coordinate in xl,c,xz,c,xs,c-system megsured 1n di-
rection of unperturbed flame-front travel relative
to which combusitible mixture is at rest

coordinate orthogonal to X1,e and xs;c and making
angle 6 wlth y-coordinate

coordinate orthogonal to X1, and %2,c
coordinate orthogonal to x, and x

random amplitude vector of shear-field Fourier
component

coordinate orthogonal to x, and Yy

grouping defined in egs. (B18)

ne —
(r - V)or,T, 2M

\/Y‘Rg

ratio of specific heats

12(1 - 1)2tan4¢,+ ZT(TZ + 2T - l)tan2¢ + (Tt + 1)2

grouping defined in egs. (B24)
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Subscripts:

1,2,3

NACA TR 3407

grouping defined in egs. (B21)
variable upon which pressure wave depends, egs. (7)
varisble upon which pressure wave depends, egs. (7)

angle between polarization plene of incident shear
wave and xl’c,xz,c-plane

coefficient defined in eq. (3e)
t ¥
klxc + kzy
flame-front dlsplacement
flame-front displacement veloclty

flame-front slope wilth respect to xz,c-coordinate
flame-front slope with respect to xs,c-coordinate
flame-front slope with respect to y-coordinate
static density

static-density perturbation

kUt + koy, eq. (10])

flame-temperature ratio, TS,b/TS,c

spectral density tensor

engle between wave-number vector of incident shear

wave and direction of unperturbed flame-front
travel, ten @ = k;/ky

U 1 1
(U.- Q)klxb + k¥

scalar emplitude function defining spectral density
tensor

orthogonal coordinate designation
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b

<]

Superscripts:

®

*

burned gas

combustible mixture

critical

designates order of steady-flow gquantity
potential-flow velocity component

shear-flow velocity component

designates order of fluctuation quantity
denotes complex conjugate

denotes fluctuation quantity except where otherwise
specified

37
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APPENDIX B

ATTENUATING-WAVE SOLUTION FOR SINGLE-WAVE INTERACTION

The arguments of the various fluctuation quentities are equal at
the fleme front where X, = Ut and X = (U - V)t. Therefore, sub-

stituting equetions (10) into equations (3) and (5) and separately
equating the real terms and the imeginary terms provide the following

set of eguations:
By
J11+-{; + Byl - BplNj - ByGy = - BpA sin @ - BoW, + BzRj
(B1)
By
Jz(l + -?) + Ble - BzNz - Bsz = - Bsz + BSRZ

1
Jl(l- ?) - Ll— KlNl - K1G1= - K4Wl - K.4A. Bin;(P + Kle+ Ks'r' - (Kl- K‘.’c)ﬂl

1
Jz(l- ?) - Lg - K3Np - K3 Gp = - KgWp + KpRa - (Ky - Kg)Ep

(B2)
lg +1,+ (D - 1)E Ny - DiGy = - Wy - A st LR
F 0y +In + (D - D)E - Dl - 10y =- W - Asin@+oTy
1 1 (83)
?J2+Lz+(Dl-1)H2-D1N2-D1G2=-w2+732
k1 !
1 k2
Pp+1; = X - Eg A sing + o E Hy
1
. (B4)
ko
P2+12=X2+?‘E1H2
1
U-V 2
-fb( T )Nl - dez =m (—bel + bsz)
(BS)

= mA(-bydy - fidp)

&
it
'—J
i
b
~—~
a
a
=
=
o
1
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U
‘kl(_—U = )Gz = kalp

kl( - V)Gl = kI

foW - A Wy = Mz (foR + bRy)
doWy + £.Wp = YMZ (-bRy + £ Ry)

1
f Xy - 4.Xo = —5 c.R
1 ct2 TMZ ch2

1
d X +fX=-——cc,R
¢l coa _er 1

Hl—wl~ABin(P=ARl

Hp - Wy = ARy

From equetions (B5), (B6), (B8), (B9), and (BlO),

i
I

= by (hpdy - hzdp)

=2
o
|

= hy (hzdy + hody)
= by (-hydy - hst)}
= by (hsdy - ByJp)

= hg(h7Ry + hgRp) }
Wa = hg(-hgRq + hsRy)
= hg(-hgRy + hyoRp
= hg(-hyoRy - thz)}

w Hd
o =
! |

el
[

b
|

P4
N
!
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(B6)

(B7)

(B8)

(B9)

(B10)

(B11)

(B12)

(B13)

(B14)
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. (B15)
where
1 f%/D:zL + d%' rMZ(E‘E + dg)
£2
h,= 2 h= £2 - b d
2° D_l- =~ PypDy 7 e ce
_ oo _ \
h3= Dl + dbfb hﬂ= bCfC + dCfC (
B18)
hy = cpdy hg= cod,
5% "Dy Bio= ccfe
2 2
n= -a,b/rUz )
From equations (B4), (B7), (Bl2), (B1l4), and (B1S),
Gl = o:.lR - cx.sz - cx,le - ou4J2 + a.sA sin @ (B17)
Gp = agRy + Ry + yd) - azdp
where
| )
ké —kéEl _
] = k_iﬁll—. K (& + hghy) + bghg
k! |kiE
2 287
az = oipo | T Pebe t hehlo]
kiDy [ k{
kp
az T —— hyhy L (B18)
kiDy - °
)
ay = kz h4 h
4 = 185
k3D
12
s =1 2 E
a5 D—]: T2 1

A-9%
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Then, from equation (B2),

1 h
Ry [y (g7 - 1) - Kp + (Kp - Kp)A] +
Rp[Ky(hghg + ap)] + A sin o[k (1 - ag)] - Kzt >
Rp [y (bghy - a1) - Kp + (Kp - Ky /
= (B19)

The various disturbance amplitude coefficients of equations (10)
have now been obteined in terms of the coefficlents Ry, Rp, Jy, Jg

and the parameters A sin @ and <'. From equations (Bl) and (B3),
J181 + Jg8p + Ryez + Rpgy = 65\
—Jlaz + Jzel - R184 + 3253 =0

> (B20)
Jles + J287 + RlSB + 3259 = elo

~-J1€7 + Jg€g - Ry€g + Rgeg = 0
where
&, =1 + By - (BiKy + Bp)(hyhy - az)

ex = (B1K; + Bp)(hjhz + o)
&5 = (B1Ky + Bp)(hghy - ap) + By{Ky - K)& - Bz - BiKp

€4 = (B1K; + Bp)(bghg + ap)
€5 = B1KzT' - A sin qa[(BlKl + Bo)(1 - “’5)] }(BZl)
&g =1 - (D + K3)(byhy ~ az)

€7
eg ® (D + K7)(hghy - ay) + (Dy - 1) - (Kz +-$—') + (K3 - KgR
eg & (D + Ky )(hghg + ag)

€10 = K3T' - A sin Q(Dl + Kl) (l - 65) J
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or
5 Faleaso - es8e) - Ralegeg - 6386)
1~ 6266 5157." ;
Ri(E38g - 8487) - Ry(eqeg ~ €zE7)
2= 5286 5157'
8286 - B35
R =55, -3575
284 - 0105
8185 - B304
R2 =%5.5, - 5.5
284 - 8385
where
5 = e1(ejeg - g485) + e3(en65 - €187) - ep(g ey
5 = sl(clae - 6366) - ‘4(8256 - 3197) - 52(5537
33 = e5(Ep6g - & 27)
By = eg(8189 - £48¢) + eg(epq - &167) - s7(e e,
= . - - -
B = egle18g - €565) - e, (858, - eeg) - eo(e e,

Bg F €€ - €184)

Equations (Bll) to (B15), (B17), (B19), (B22), and (B23)
formal solution of equations (Bl) to (B10).

NACA TN 3407

(B22)

(B23)

52 89 )\

5258)

? (B24)

]

[ ]
R
o

[

1
™
[«

~—

provide the
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APPENDIX C

ATTENUATING-WAVE SOLUTION FOR CONSTANT-PRESSURE COMBUSTION

If terms of order MZ are retained, equations (1) provide the
following reletions for the unperturbed flow quantities:

%

1-vy(7 - 1)M + .
PC

p
I A A P . S VYA
o i 2

B 2M2
;E‘— {Ié - (r - 1)(% - 1)M2 - (y2 - L)v(e - 1)M* + . . .]

c
B

With these relations, equations (4) take the form

| )
By = Y2, By = 2yM2, Bz = L + [1 + v(v - 1)JM2
Dl=,%[1-7+l('r-1)mz],El=('c-1)1+f%l-¢mz] 3

_ _ Yy -1 Y -1 2 _ 1 r - 1
Kl = Ké: = (T - l)Mz, Kz = T [l + > ('T-' 1)M], K3 = ? M)
(c1)

and equations (9) may be written

+

M2), dy = k(1 + M)

k12 o 2 )2
( 1 2 M2

T

_ _ 1242 _ _ .t !
b, =Dy = - k)M, e, = ¢ = ko, dc—kl(l

2 _ 112 _ (112 _ 1 12yM2 2 _ 112
£e = kg (kl k, e, 7 = kg

(c2)



44 NACA TN 3407

If only the leading terms in powers of ME are retalned, equations

(B16) and (B18) of appendix B provide the following relations: .
2
t2tanp T tan @
h hs = hihs = = h-hz = h-h, =
172 7 7105 T LaB(1 + t2tanfe) T o 1% T 1M2(1 + v2tanle)
sinch sin @ cos @
h- = heh-p = hehg = hehg = —= P COB R
h67 bghyg TMZ’ 68 hghg TMZ
52
(c3) e
¥
and
T sin T _s8in®e 2
ay 1- (t - 1)tan
1 = TMZ [ ﬂ
- T281n2Q tan @
TMP
_ ‘I.'z'tanZ(P > (04) )
%3 = 2 22
TMe(1 + T%tan“e)
n = 'rs'ba.nsq;
4 YM2(1 + T2tane)
ag = *[L - (T - 1)tane]
From these relations:
< tan @ (t - 1)sinfe{t tane - 1)
hihe + @y = ~—22 @ p b .o =
173 4 e 687 = 91 TME
(cs)
sin @ cos @(1 + 2 tance)
hihp - @z = 0, hghg + ap = : 3
™™
From equations (B2l) and (C5),
eieg - .6 = sin @ cos @(1 + T2tan’e) w
1 4 TMZT
(T - 1)ein?p(T tan®e - 1) f
&q - e, = C6
8185 - E38g o (ce)
? .
€z8 - E8Q = €8, - €87 = - €467 ~ Eo0Cg = O
37 278 276 1%7 y 457 2%°9
' TMz. J
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and from equations (B21), (B24), and (C6):

§1 = sin @ cos @ [(1.’ + 1)1+ tanzq,) -2 tanztv(T - 1)%(T tanl® - 1iﬂ
1 TM?T
8y = S;*;;‘: [('r --1)(1: tan?p - 1) + 2(t + J:_)'r('r tanfp + l)]
8z = ~ tan @[F' - 2(t - 1)(T tan% - 1)A sin.¢ﬂ
5, = -(T - 1)tan @ sinzv("-' tanfp - 1)
4 TZM‘LT
5 (T 1)(x tan@ + 1)einZe
5 Yadx
Bg = - t:;l&?: [1:'- (t - 1)(t tan% - 1)A sin tp] J
(c7)

Since for constant-pressure combustion R(1) = Ro/YM2, r(2) = Ro/vM2,

and so forth, the coefficients R(1), R(2), 5(3) ana J(2) are obtainea
from equations (B22), (B23), (C6), and (C7). With these coefficients
determined, the remainder are obtained from equatione (B7), (Bll) to
(B14), (B17), and (B19). The emplitude coefficients are

L]
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r(1) - :A]; (* - 1)3(7 ten% - 1)24 ain ‘9-[1:2(12 + 27 - 1)tany + v(<? + 1)] %‘.}
r(2) - 52) o ﬂt‘n_a {(13 - 1){+2tande - 1)A sin o +[T3(v - 1)tan®e - 2v3tan%s - T(z + 1]] 1",;-}
g .. % {(1"- 1)2 (v tanZp - 1)2A sin ¢ + TZEI(‘F - 1)%tan%*q + («2 + 27 - 1)tenZe + 2] .;_:}
Lp=-%, 12=0

(v - 1}(t tenZg - l)[(1 + 1) (v tanp + 1) (v . 1)tanp(t tenly - l)]A sin ¢ -

R, = ¥
1 7 a(1 + ©Ztante)

-:{tztanzq) EI:(‘: - l)ztan4q + (e + l)tanzq + 4]-(- (v + l)}%')

_ =%t - l)tan 2y _ 2 - 20
¥, m{(‘ctmw l)['t('c+l)(':tan:p+l)+(-: 1) (7 tenp l)]Asintv+

-rz['r(Z‘r - 1}tant® - (t - 1)tenZo - 1]—:—'}

Gl = m {[(T + 1)2(1 tanag + 1)2 +- 1:(': - l)ztaﬁ_zq(-: t&an - l)zJA alng -

ot - 1)tan%p[7(x2 + 27 - 1)tene + (v2 ;'1)]':—'}

{x - 1)ten {(-:2 - 1)(t tan®e - -1) (T tanp + 1)A sin@ + [15(-.- - 1)}tan%*e - 2t5ten?yp - x{T + J.)]S,F'-}

G = a1 + *etandg)
Py = - Np, Pp = Ny

N -Gz
Il“‘vtan@’Iz-'rtsn@

W, = -% {(-: - 1){< tan®o - 1)[-:(-1: - L)tenfo+ & + 1)]A Bing - [12(3«: - 1)tan®e + (T + 1)]:—'}
Wy = - 1&'5_%@_@ %(1 ten® - 1)A sin ¢ + -v['r tanfo + 1]51:-}
4 =Hp =W, Xy = - ¥y

g = % {2(1 + 1)(t tenfp + 1)A sin @+ [-;(:9; - LytanZp + (t + 1)]-:_-}

> (ce)
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For constant—pressure combustion Q gb klUt + kzy,
N, = ky(x, - Ut), m = [ x, + (U - V)t] = KX+ K3y,

kt
¥ = i + kéy, and o kiUt + kéy. At the flame front where x_ = Ut
and X, = (U - V), Na T, = O, the atitenuation factors e-Tlc and e-le

are unity, and the arguments of the disturbance waves have the form
(xqUt + kéy).

The procedure of reference 23 is utilized in reference 22 to treat
e similar interaction problem for consideration of flame-front stability.
It is assumed that there are first-order perturbations in the laminar
flame speed U (in the present notation). Reference 22 presents results
only for the special case where the plane of polarization of the inci-
dent shear wave 1s in the plane X1,c - Xz, o(6 = 0°) and the wave-number
vector is parsllel to the unperturbed flame front (@ = 900) The re-
sults of the present analysis were compared with those of reference 22
for the case of an absence of first-order perturbations in the laminar
flame speed and for the special case of 6 = 0° and ¢ = 90° without
hest-release perturbations. Although egreement as to sign and magnitude
is obteined for the shear-field velocity components, epparently differ-
ences in sign occur for the potentiel-field velocity-component empli-
tudes as indicaeted in the following table:

Present analysis | Anslysis of
reference 22
%
e .
i -A -A
1
Vp,c
, -
i iA iA
%
b
3 : .
vl
et 14, 1A

Consideration of conservatiOn of momentum across the flame front indi-
cates that vy o/U end vp /U should be of the same sign. The pres-

ent analysis 1s in agreement with thls consideration.
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TARIE I. - FLAME-TURBULENCE-INTERACTION FLUCTUATION RATTOS
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TABLE IT. - HYDROCARBON-ATR FLAME DATA AT SPECIFIED CONDITIONS

loFe NI VOWM

(po = 760 mm Hg; T, = 25° C)
Propane, CzHg _" Ethylene, CpoH, Acetylene, CEHZ
At At At AL At

Fuel-air ratlo 0.0838 0.0721 0.0878 0.0757 0.0753 0.
Volume percentage “
of fuel in air 4.04 4.54 | ! |

Laminer fleame
gpeed, U,
cem/sec 37.5 39 64 68 123.5 141

Adiabstic flame~
temperature
ratio, T

~J
~1
-3
&
-
0w
(4]
os)
Cr
[ o]
m
23]
12
e]

stoichiometric|meximm U || etolchlometrlic |maximm U|| stolechiometric|maximm U

-]
|_J

.l
]
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efracted plane sound-
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Figure 1. - Wave formation arising from interaction of flame front with vorticity wave.
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Figure 2. - Effect of fleme-temperature retio on shear-flow and potential-flow velocity

fluctuations.
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Flgure 3. -~ Effect of flame-temperature ratio on flame speed for incident
isotropic turbulence.
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Figure 4. - Effect of flasme-temperature ratio on random
pressure fluctustions generated at flame front.
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